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Abstract. In this paper we consider the semi-linear wave equation: u u — Au = 
u t \u t \ p ~ 1 in R N where 1 < p < 1 + ^_ an d p < 3 if N = 1, p ^ 3 if N = 2. We 
give an energetic criteria and optimal lower bound for blowing up solutions of this 
equation. 
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^ ■ 1 Introduction 

> 

00 ' We consider the following semi-linear wave equation: 

in : 

( u tt - Au = u t \u t \ p 1 t€ [0,T),xe 

: "(^)=«o6C, tt r) (1) 

: I u t (x,0)= Ul £Ll c u 

o 

where 1 < p < 1 + jrrr and p < 3 if N = 1, p ^ 3 if N = 2, and where 

L L u ( r7V ) = \ u:RN -> R ; IML 2 : = su p / \u{x)\ 2 dx < 00 

and 

HL, U := {n G LL,„ M ; |V«| G 4, M (R*)} . 

■ A very rich literature has been done on the non linear equation 

o3 



Utt 



Au = au t \u t \ p 1 + bu\u\ q ~ 1 (2) 



with a and b are real numbers. When a < and 6 = then the damping 
term aut\ut\ p ~ l assume global existence for arbitrary data (see, for instance, 
Harraux and Zuazua [7] and Kopackova [9]). When a < 0, b > and p > q 
then one can cite, for instance, Levine [TO] and Georgiev and Todorova [3J, 
that show the existence of global solutions (in time) under negative energy 
condition. When a < 0, b > and 5 > p, or when a < 0, b > and p = 1 
then one can cite [1] and Messaoudi [12] where they show finite time blowing 
up solutions under sufficiently large negative energy of the initial condition. 
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The first to consider the case a > was Haraux [6] (with b = on 
bounded domain), who construct blowing up solutions for arbitrary small 
initial data. See also Jazar and Kiwan [8] and the references therein for 
the same equation ([T|) on bounded domain. We refer to Levine, Park and 
Serrin [TT] and the references therein for the whole space-case R . Finally, 
we refer to Haraux [6] , Souplet [HI Q3] and Jazar and Souplet [3] concerning 
the ODE case. 

In this paper, we consider solutions u of ([!]) that blows-up in finite time 
T > in the space 

H loc,u ( r7V ) x l L,« { rN )- 0ur aim is to stud y the 

blow-up behavior of u(t) as t f T. 

Following the work of Antonini and Merle [2], we compare the growth of 
ut and k, the solution of the simplest associated ODE: ku = kt\kt\ p ~ l . 
Nevertheless, the presence of the force term makes the work more 

complicated. To remedy this difficulty, and inspired by the work of Rivera 
and Fatori [13], we rewrite ([I]) as 



u a - Jo Au t (t) dr - Au = u t \u t \ p 1 , t G [0, T), x G 
U (x,0)= Uo (x)G^ 1 OCiU ( r7V ) ) (3) 

(x,0) = m (x)gl2 oc u (m^). 

Then, putting 

w (x,t) = ti t (x,t) (4) 
in (|3|), we obtain the following integro differential PDE 

ih-Jl Av(r)dT- Au (x) =v\v\ p ~ 1 t G [0, T), x G R^, 
W (x,0)=n 1 (x)=: W0 GiL,„M. (5j 

Now, we introduce u> := u t /kt, where kt(t) := k(T — £)~P with (3 := — j 
and k := ^ (see [2U]), and we use the classical self-similar transformation 
(see 0): for a G R^ and T" > 0: 



y = iT^V s = -log(T' -t), v (t,x) = j ¥ ±-^w TI>a (s,y) ( 6 ) 

and 



1 ..1,-1 
aWano v(0,x) =: ^w(so,v) =: 



where so := — logT' and more particularly w a = Wx,a- We then see that 
w(s) = Wt' a ( s ) satisfies for all s > — logT' (and s < — log (T' — T) if 
T > T) and' all y G R^ 

w s + Pw + -Vw— h (s — t) Aw (t) dr — h (s — so) Awqo = \w\ p ~ w (7) 
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where h(s) := e or equivalently 

g (s) w s + (3g (s) w + g(s)%Vw - /* g (r) Awdr - g (s ) Aw; 00 



IP-l 



(8) 



with g(s) = e^ +1 K 

In the new set of variables (s, y), the behavior of ut as i j T is equivalent 
to the behavior of w as s —* oo. 

We are now able to state the following estimate on the function to„: 

Theorem 1.1 (Bounds on w) 

Assume 1 < p < 1 + and p < 3 if N = \, p ^ 3 if N = 2. If u is a 
blowing-up solution at time T > of equation (CP and w a is defined as in 
and satisfies: 

I 
2 



E(w)(s ) 



B 



1 



p+ 1 



P a Kol p+1 ^ 



(9) 



+^|y P a | Vw ai oo + Vw ai o 1 2 d y-J P a \^ w a,o\ 



dy 



+a 



p a [yVw a) oo ~ w a ,o] dy 



B 



R^iWaflfdy >0, 



B 



then there exists a constant K > such that 

2 



sup 

s > s 
a £ 



w a (s',y) ds' 







\Wa (V, 



ffi(B) 



\L 2 (B) 



< K 



■>A ? 



where B denotes the unit ball of] 

This can be translated in terms of u: 

Proposition 1.1 (Bounds on blow-up solutions) 

Assume 1 < p < 1 + ^ and p < 3 if N = 1, p ^ 3 if N = 2. // 
blowing-up solution at time T > of equation (CP and w a is defined as in 
satisfying (OJ), then there exists positive constants C\ and C2 such that 
for all t € (0, T) and all aeR N : 

Ci 



u is a 



i2 

<h 1 (b„ 



+ \\ u t 



< 



(T-t) 



2/3- 



which implies that 



sup (T - t) 
< f < T 



13 



\ U t\\tf{B a ) + IMIff 1 ^) 



<c 2 , 



where B a is the unit ball centered at a and B a ^/jr^t ^ s the ball of center a 
and radius \/T — t. 
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Remark 1.1 In the case N = 1, and by DuhameVs formula (see ll]), we 
are able to prove that these bounds are optimal. 

In section 2, we define a decreasing in time weighted energy, and derive 
classical blow-up results for equations ([!]) and (jHJ). 

Section 3 is devoted to the proofs of Theorem 11.11 and Proposition II. 11 



2 A blow-up result for equation ([8]) 
2.1 The associated energy 

In this subsection we define a weighted energy associated to the equation 
(JB]). Denote by a any number satisfying a > max{/3(/3 + l)/2,2}, and 
p(y) := 1 — \y\ 2 . Define the energy E associated to (JSJ) as follows: 

E(s) = f / g(s)p a w 2 dy-^— f g(s)p a \w\P +1 dy 
2 J B P+ 1 Jb 

-Iff g(r)p a \\Vw(t) - Vw(s)\ 2 - \Vw(s)\ 2 + 2\Vw(t)\ 2 } dydr 
2 J so Jb l j 

+a f f g{T)p a - 2 {[w{t)-w{s)] 2 -w 2 {s)}[{2{a-l)+N)\y\ 2 - N]dydi 
Js Jb 

-a f / g^p - 1 {[w(r) - yVw(s)} 2 - [yVw(s)} 2 } dydr 
J so Jb 



, 9{so 



/ p a [|V^oo + Vw\ 2 dy - \Vw\ 2 ] dy 
Jb 



2 

+ag(s ) p ' 1 {[yV w 00 - w} 2 -w 2 }dy. 

B 



We start with 



Lemma 2.1 The energy s i— > -E(s) is a decreasing function for s > so- 
Moreover, we have 

E(s + 1)-E(s) = -d±l f S+1 g( s ') f p -\ w ( s ')\P^ d yds' (10) 



s+l 



(l-|y| 2 /8) / g(s') / p a K( S ')] 2 ^' 



s+l 



(a -/?(/? + 1)/2) / </(*') / p a W 2 {s')dyds' 



B 

is 
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Proof: In order to calculate the derivative of E, multiply the equation ([8]) 
by p a w s and integrate over B, then we get 

' f g( s )p a \w\P +1 dy-^ [ g(s)p a \w\^ 1 dy (11) 



p+lds J B p+l 
= J g(s)p a w 2 dy + ^f s J B 9(s)p a w 2 dy - ^±11 J g( s ) p " w 2 dy 

+ / g(s)7;p a Vww s dy - / / g(T)Aw(T)p a w s (s)dTdy - g(s ) / p a w s Aw ody, 

JB 1 JB J so JB 

which is equivalent to 

~ [ 9{s)p a w 2 dy--^-^- [ g(s)p a \wr l dy+ [ g(s)^p a Vww s dy (12) 
2dsJ B p+lds J B J B 2 

+ / / g{T)p a Vw(T)Vw s (s)drdy -2a / / g^p^yVw (r)w s (s)dTdy 

J B J so J B J so 

+d(so) / p a Vw 00 Vw s dy - 2ag(s ) / p a ~ 1 yVw ow s dy 

JB JB 

= JI±A f g ( s)p «\ w \P+i d y- [ g(s)p a W 2 dy + ^(P + l) [ g(s)p a w 2 dy, 

P+l JB JB 2 JB 

that we rewrite as follows: 



/ g( s )p a w 2 dy--^—^- [ g ( s )p a \w\P +1 dy + h + h + h + h + h (13) 
Jb p+lds J b 

{ f g(s)p a \w\P +1 dy- [ g( 8 )fPv%dy+£(j3 + l) [ g(s)p a w 2 dy. 



Ii 



o 



P+l Jb Jb 2 

Now, we rewrite Jo, • • • , I4 one by one as follows: 

j B 9{s)^p a ^ww s dy 

-j- I f g(T)p a \Vw(T)\ 2 drdy + ^ I' p a \Vw\ 2 dy 

J B J sq J B 

+\ J 9 (s)p a \Vw + ^w s \ 2 dy - i j g{s)p a \ V -w s \ 2 dy, 




g{T)p° l Vw{T)Vw s {s)dTdy 

p a g{T)\Vw{T) - Vw{s)\ 2 dTdy 
+~ [ S g(r)dr j p«\v w ( s )\ 2 dy- l -g{s) f p a \Vw\ 2 dy, 

J Sq J B J B 



IB 

ld_ 

2ds 



B Jso 
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g( s o) / p a Vw 00 Vw s dy 

JB 



p a \Vw 00 + Vw\ 2 dy - jf p a \ Vw\ 2 dy^ , 

h ■= -2ag(s ) / p a ~ 1 yVw 0Q w s dy 
Jb 

= ag(s )-^- |^p a_1 [yV«;oo - u>] 2 dy ~ J^p a ~ 1 w 2 dy 



Remainder I^: 



with 



-2a / / g{r)p a Vw{T)yw s {s)drdy 
Jb J s () 

2a [ [ g{T)w{T)V{yp a - l w s {s))dTdy 

JB J so 

2a [ [ g(T)w(T)N p a ~ l w s {s)dTdy 
Jb J so 



-4a(a-l) / / g(T)w(r)\y\y a 2 w s (s)dTdy 
Jb J s 



+2a I I g(T)w(T)yp a 1 Vw s (s)drdy 
Jb J so 

A 1 +A 2 + A 3 , 



Ai := 2aN [ [ g{T)w{T)p a ~ 1 w s {s) drdy 
Jb J s 

= -aN-%- [ f g{T)p a - l [w{T)-w{s)] 2 dTdy 
ds Jb J s 

+aN-^ I g{T)dT ! p a ~ 1 w 2 dy 
ds J so Jb 

-aN f g(s)p a - 1 w 2 dy, 
Jb 



-4a(a-l)/ / g(T)w(T)\y\ 2 p a 2 w s {s)dTdy 
Jb Js 

2a(a ~1)^J B J\{T)\y\ 2 p a ' 2 [w{r) - w(s)] 2 drdy 
-2a(a - 1)^ J* g(r)dr \y\ 2 p a ~ 2 w 2 dy 



's 

|2 „a-2„..2 



+2a(a-l) / g(s)\y\ 2 p a - 2 w 2 dy, 
Jb 



2a I I g{T)w(r)yp a Vw s (s)drdy 
Jb J s 



- ~ a ^J B J s gi^P^lwir) - yVw{s)] 2 dTdy 

-a f g{s)p a - 1 [yVw{s)] 2 dy 
Jb 

+a / g{s)p a - 1 [w{s) - yVw(s)} 2 dy 
Jb 

= ~ a ^J B J s ai^P^lwir) - yVw{s)] 2 dTdy 

+a [ g(s)p a ' 1 w(s) 2 dy-a [ g(s)p a ~ 1 yV[w(s) 2 ]dy 
Jb Jb 

= -"^ J gi^p^lwir) - yVw(s)] 2 dTdy 

+a Ts [ 9{r)dT j B pa ~ X ^ yVw ^ 2dy 

+a [ g(s)p a ~ 1 w( S ) 2 dy + a [ g(s)V[p a ~ l y}w(s) 2 dy 
Jb Jb 

= 5(T")p Q_1 k( T ) - yVw(s)] 2 drdy 

+a Ts [ 9{T)dT Sb ^ [yVw{s)]2dy 

+a [ g(s)p a ^ 1 w(s) 2 dy + aN [ g{s)p a - 1 w{s) 2 dy 
Jb Jb 

-2a(a-l) / g(s)p a ~ 2 \y\ 2 w(s) 2 d y . 
Jb 

-aN-%- I [ g{T)p a ~ l [w{T)-w{s)] 2 dTdy 
ds Jb J s 

+aN4- [ g{r)dT ! p a ~ 1 w 2 dy 
ds J so Jb 

+2a(a - 1)^ jf f s 9(r)\y\ 2 p a - 2 [w(r) - w{s)} 2 drdy 
-2a(a - 1)^ J" g(r)dr J \y\ 2 p a - 2 w(s) 2 dy 



-a— f I g{r)p a 1 [w(t) — yVw(s)] 2 dTdy 

I B J s 



ds 



+a Ts jf 9{T)dT j B P^^w&fdy + a J B 9(s)p a - l w 2 dy. 
Putting Jo, • • ■ , I± into (fT3|) we finally get 

±E{s) = / g(t)p a \w\P +1 dy-[a-P(P + l)/2] [ g(t)p a w 2 dy 

ds p+lJ B J B 

-a [ g{t) P a - l \yw\ 2 dy-{l-\y\ 2 /&) [ g(s)p a w 2 s dy 

JB JB 

~\ I g(s)p a \yw s /2 + Vw\ 2 dy, 

z JB 

which terminates the proof of the Lemma. □ 
2.2 Blow-up results 

We are now able to state and prove the blow-up results for equations flSJ) 
and © 

Theorem 2.1 Assume that 1 < p < 1 + -S> and w is a solution of on B 
such that E[w](sq) < 0, for some so £ M, then w blows-up in x L 2 (B) 

at a time s* > sq. 

This implies directly the following blow-up result for ([5]). 

Proposition 2.1 Assume that 1 < p < 1 + and v is a solution of (EJJ 
on B such that £T,a[v](t) '■= E[wT, a ](~ log(T — t))<0 for some <t < T, 
a G M. N , then v blows-up in finite time T' < T . 

Proof of Proposition 12.11 Assume that there exists T > 0, < to < T 
and a 6 R N such that £r,a[v](to) < 0. Putting so = — log(T — to), then 
E(wT <a )(so) < 0. Applying Theorem 12.11 the solution w of (JS]) blows-up in 
finite time s* < 00. As v(t,x) = jjr^pw(s,y), we deduce that v blows- 
up in finite time T' such that s* = — log(T — t*) > — log(T — T'), thus 
T' <T — e~ s * <T. □ 
Proof of Theorem l2.ll Arguing by contradiction, assume that there exists 
a solution w(s, y) of equation (jHJ) on (s, y) £ [sq, 00) x B, with E[w](so) < 0. 
As E" is decreasing, E[w](sq + 1) < 0. We see that v(t, x) = rz£p w o,o(s, y) is 
a solution of (P) and wqa is a solution of (jHJ) on (s, y) E [so, 00) x -B such that 
y = ^ £ B, s = -hi(-i) for all t < -e" s °. Put t := (<5 + i') = -e~ s where 

(5 is the positive constant small enough such that — ln[e~( so+1 ) + 5} > sq, 
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then 

v(t',x) = j^^wofl^-lni-t')^/^^^ 

= ^ + g_sy3 w o,o (-ln(<5 + e~ s ),x/y / 5 + e~ s ) 

= (J + 1)0 ™°'° (~ ln(<? + 6 ~ S) ' eix /^ SeS + *) 
is also a solution of (JTJ) . We see that 



(14) 



-tf + e- s V$e s + 1 V^e s + 1 ' 



then 



f (— 5 + t, x) 



(6e s + If 
e Ps w(s,y) 



Won 



\n{5 + e~ s ),y/V5e s + 1 



y ) = (e s J + 1) /3 w o.o(- ln ( e "" + J//\/(e s «5 + 1)) 

is a solution of (jSJ) on [so + 1, oo) x £?. Using the inequality (a — 6) 2 < 
2(a 2 + 6 2 ), Poincare's inequality and using the fact that p a < p a ~ 1 < p a ~ 2 
we finally get 



E(s) > 




i- / g(s)p a \w\P +1 dy- [ f g(T)p a \Vw(r)\ 2 dTdy 

+ 1 JB JB Js 

p a g{T)\Vw{T) - Vw(s)\ 2 dTdy 

g{T)p a ~ l [w(T) — w(s)] 2 dTdy 

2a(a-l) f g(r)dT [ p a ~ 2 \yw\ 2 dy 
J so JB 



P + 
1 

~2 

-aN 




B J s 




-a 



g(T)p a 1 (w(t) — yVw(s)) 2 dTdy 



B 



p a \Vw\ 2 dy - ag(s ) I p a ~ l w 2 dy 



E(s) > -Cg(s) sup \ [ p a - 2 \Vw(s)\ 2 dy-^-g(s) [ p 

s>s {JB P + 1 JB 

By the definition of w we then obtain 

f( S ) f JOL-2 



E(s) > -C 



WTTW!>f JB P 



V(w(-ln(5 + e- s ), 



^w\ p+1 dy \ . 



)) 



VSe s + 1 



dy 
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p + 1 (5e s + l) 2 ^ 1 J B 



p a \w\ p+1 dy 



> -C 



J* 



p+l(5e s + J B 



a-2 



Vw(-ln(S + e~ s ), 



y 



w(-hx(S + e s ), 



II 



V5e s + 1 
p+i 



V^e s + 1 ' 



dy. 



Now, since lim 00 —\og{5+e~ s ) = — log <5, by a continuity argument ln(e~ s + 
8)) remains bounded in ff 1 (.£>), hence in L P+1 (B) by Sobolev's embedding. 
Using Poincare's inequality, we get 



E(s) > -C 
E{s) > 

Thus, 

which is a contradiction. 



9(s) 



( 6e s + 1)2/3+1- f 

c 



(l + Je^" 
liminf £(s) > 



□ 



3 Uniform bounds on w: proof of Theorem 11.11 
3.1 Proof of Theorem fTTTI 

This section is devoted to prove Theorem 11.11 We start by giving the proof 
of Proposition 11.11 

Proof of Proposition 11.11 We have 

Ut(t, x)dx. 



IK(*, y)\\h (B) = {T- if? J b u 2 t (t, x)dy = {T- tf?-^ 
As, by Theorem ll.il ||w a (s, y)||^ 2( - B -) is bounded, then 



< 



Ci 



(T-t 



and 



w a (s',y)ds' 



m(B) 



B 



e-P s 'u t (t,x)ds' 



dy + 



B 



- l3s 'v y u t (t,x)ds' 



dy 



> (T-t)^-f f f u t {r,x)(T-T)- l dr + Tv 
iB' J ■/ 



7 u t (t,x)(T -r)~3dr 
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> c(T - t) 



2/3- 







2 




2 ] 




/ u t (r,x)dT 


+ 


/ Vut(t,x)dr 


> dx, 




Jo 




Jo 





where c = min[T , T ] and B' = B a v /y— 



As ||w a (s, w)!!!,-! ,i3^ is bounded, then 



Ht)\\ 2 H 



< 



Ci 



(T-t 



,2/3- f 



□ 

In order to prove Theorem 11.11 we first give a local bounds on w s , w 
and Vw in the space L\ x (space and time integration) using the Lyapounov 
functional E. Finally, we deduce a local L 2 -estimate on w. This will be 
done in four steps. We will state them in propositions and lemmas and then 
prove the Theorem. The proof of the propositions and lemmas will be given 
at the end of the section. 

First step: Uniform L 2 -estimates on w a , w ar and Vu>. 

Proposition 3.1 There exists a constant Mq > such that, for all s > sq, 



s+l 



B/2 



s+l 



g(s') \w a ( S T +1 dyds' + g(s') [(w a ) s ,(s')] 2 dyds' (15) 



B/2 



s+l 



B/2 



s+l 



9(s') / w a {s')dyds + / g(s') I \Vw a (s') + -(w a ) s (s')\ dyds' 



B/2 



L{s) := 

+ 

< Mq. 

Second step: Uniform L 2 , -estimates on w. 

Proposition 3.2 There exists a constant M > such that 

w a {s,y)\ 2 dy < M. 



sup 

a£R n ,s>s JB 



(16) 



Third step: Uniform L 2 x -estimates on f* h(s — s')Vw a (s' ,y) ds' . 
Proposition 3.3 There exists a constant M > such that 



sup 

a£R N ,a>s Jot 



a+1 



h(s - s')Vw a (s',y)ds' 



so 



dyds < M. 



Fourth step: Uniform L 2 -estimates on J^w(s') ds' . 
Proposition 3.4 There exists a constant M > such that 



sup 

a£l" J B 



w a (s',y)ds' 



so 



dy < M. 
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We will need the following Lemma from [3]: 

Lemma 3.1 [see Let u be the solution of 

utt - Au = f, on [0, T 
u(x,0) =u G H\ oc u 
u t {x,0) = m G Lf 



Then there exists M > such that, Vt G [0, Tq], we have 



l' U ( i )llff 1 (]R JV ) + ll n *(*)llL 2 (R iv ) 



< M 



\UQ\\ 2 H l^N) + ||«l|||2( K JV) + ll/ll|l([0,t];L2 



End of the proof of Theorem 11.11 

Let a G M. N , s\ > so + 1 and define the self similar transformation as 
follows 



' s - s = (si - s )hi(l - t) 



Vs G [si - 1, si],Vy G B < 



n-t 



(17) 



k W t (t,x) = (1-T)-Pw a (s,y). 



Note that (t, x) G [1 - e, 0] x B t , B t = B(0, \[\ - t). From the fact that w a 
is a solution of (JSj) , then If is a solution of ([5]) on [1 — e, 0] x B t . Observe 
that Vs G [s\ — 1, si], we have, for all (t, x) G [1 — e, 0] x i? t 



e s i- a o = 1 — 



--•ii 



x = ye 



2 ( s i- s o) 



k W t (t,x)=e /3(s i- s °o ) Wa ( s ,y). 

Applying Lemma f3.ll on the interval [t,to = 1 — exp(l — l/(si — sq))] we 
have, for all t G [1 — e, to], 



i|w(*o)ii^( Bto ) + il^(*o)iii 2(Bto) < m (nmiii 2(Bt) + i|w(t)i^ 1(Bt) 



+ 



t ll(£i[[Mo]; L 2 (B t )]) 



• (18) 



Now, we will use propositions 13. lU3.2U3.3l and 13. 41 to estimate the right-hand 
side of the above inequality. We have that, for all t G [1 — e, to], 



\W, 



*Wllz,2(B t ) 



fe) W2 2/3) Ks,i/)| 2 di> < M. (19) 
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Now, 



\\w(t)\\ 2 



HHB t ) 



W(0,x)- / (l-T)-Pw a (s',y(x))dT 



+ [ VW(0,x)- [ {l-T)-Nw a {s',y)dT 

JB t Jt 

< 2 I \W(0,x)\ 2 dx + 2 [ 

JB t JB t 



dx 

2 



dx 



(l-T)-Pw a (s',y)dT 



dx 



+2 / \VW(0,x)\ 2 dx + 2 

JB t JB t 




< 



+ 



+ 



{l-T)- l3 V x w a {s',y)di 
2 f W 2 (0,x)dx + 2 [ \VW(0,x)\ 2 dx 

JB,- e JBi- e 



dx 



2 



(si - s ) 2 



(■51 - S ) 2 



g2(s 1 -s ) 



B 



(-f3+l)(s'-s ) 

e s i _s o w a (s , y)ds 



dy 



N(s-s Q ) 

g 2 ( s r s o) 



B 



S (-l3 + l/2)(s'-s ) 



o Vw a (s',y)ds' 



so 



dy. 



Since s £ [s\ — 1, s\] and s\ > sq + 1 we have < f y < 1- Therefore, 
||W(t)||^ 1(Bt) < 2 ( W 2 (0,x)dx + 2[ \VW(0,x)\ 2 dx (20) 

JBt-„. JBt- k 



+2C 

I B 

< CM. 




Bi- 
2 



w a (s',y)ds' 



'■Hi 



dy + 2C 




IB 



Vw a (s',y)ds 



' s 



dy 



Now, for the last term of ([18p . we have, denoting by Kt := [t, to] x Bt, 

Hs') ■= ^r exp [(N/2 - 2/3) (s> - »„)/(«! - s Q )] and := ^ exp [(N/2 - 2/3 - 1) (a' - s )/( Sl 



2 



-I,,;, ,, Vl - / i k {s')w a (s',y)dyds' + / /c (s')|V a; (u; a (s / ,y))| dycis' 

S!-1JB Jsx-IJB 

+ T [ k (s')[(w a (s',y)) T ] 2 dyds' 

Jsi-l J B 
rs /• fS 



si-1 



ko{s')w a (s',y)dyds' 



si-l 



fc i ( s 1 V y K (s' , y) ) 1 2 dycte' 



/ / k^s') pw a (s / ,y) + w as (s',y) + ^(w a (s',y)) 

si-lJB 1 

8\ 



dyds 



tWH^Kt) 



< CI I {[w a (s',y)} 2 + [w as (s',y)} 2 + |VK(s',y)]| 2 } dyds' 

Jsx-l J B 

< Mp. 



(21) 
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Now, since p < 1 + jfe then 2p < and ^ = [*> *o] x B t C 

by Sobolev's embedding, L 2p (K t ) ^ H 1 ^), thus, Vt £ [1 — e,i Q ] we have 



+1 



so. 



?llii([*, to];i2 (B t )) ^ (*o-*)llwf HVo < ci|wi(*,v)llk<* t ) < 

We insert pity . ([2D ]) and (|2"Tj) into (JTSJ) to obtain 

ll^(*o)ll^( Bto ) + ll^(io)|l! 2(Bto) <^. 

Where is a positive constant depending only on p and TV. Thus, we 
deduce that 



81-1 



w a (s,y)dr 



so 



+ lha(s,2/)||i2 (B) < if, 



which terminates the proof of Theorem 11.11 

3.2 Proof of propositions EZQ D, D and SH 



□ 



Proof of Proposition 13. 11 Since E is decreasing and bounded by E a (0) 
and p a is bounded in the ball =§, we deduce that, for all s > sq 

L{s) < cJ° +1 J B g(s')p a \w(s')\v +1 dyds' + ^J° +1 J B g(s')p a w^^ 



+C(a - p(fi + l)/2) 



s+1 

g(s')p a w 2 (s')dyds' 
< C[£(s)-£(s + l)]<C 5 up4(0) = M . 



+f T +1 !g{s')p a \Vw{s') + y - Ws {s')\ 2 dyds' 



□ 

Proof of Proposition 13.21 By contradiction, suppose that there exists a 
sequence s n — ► oo and (a n ) such that 



B 



ka„(Sn,2/)| 2 ^ ► OO. 



For oel* set 



, t a(r, z) := \Pw a (s n + A n r, y^n^) 



(22) 



and more particularly write v n : — v nan , where A n > 0, a £ R N are chosen 
in such a way that 



1 



< ||Wn(0,«)|r < SUp \\v n , ao (0,zW = 1 



(23) 



"0 



14 



This choice is possible because for all < A < 1, 



sup \\X P w ao (s n ,V\z)\\ 2 L 2 {m < A 2/3 2 S up \\w ao (s n ,y)\\ 2 L 2 (B) . 
ao m N a m N 

and 2/3 - f > 0. 

We then have from (j22[) . A n — ► 0. We claim now the following estimates, 
that we prove in Appendix B: 



Lemma 3.2 We have 
(i) 



r'e[0,l] 



SUP \\Vn,a {T)-V n , ao {T')\\ 2 L2{2B) < \ \\ (v n ^ ) T ||| 2 (2B) < M A 2/3 (a ^ 



»(2B) 







1 2/3— — 

ll Vv n>ao \\ 2 L 2(2B) dT ^ M)A n 2 . 



l t 'n,aollL 2 (2B) - ^oA' 



2/3-(f +1) 



2/3- St 







Back to the proof of Proposition 13.21 Two cases may then occur, de- 
pending on whether 



A n sup 

aeK"Ji J2B 



K( T - n)K)\Vv n (ri,z)\dT-i 



dzdr 



is bounded or not with r no = s ° x s " . 

Case A: Up to a subsequence, there exists z no such 



A„ 



2 LI 



h((r - n)A n )|V^ no (ri,2f)|dri 



dzdr — ► oo. 



We will obtain a contradiction from the variation in some scale of the local 
L 2 -norm. 
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Let (fo G C°°(R) be a nonnegative function whose support C (—1,1), 
<A) > 1 on [-|, |] and j\ ip = 1. 

We use again space time rescaling, that is to say we define 



V n ,a ,T (r, Z) = (A n / \nfv n> a I T + — T, Z y A n /A n 



= (X n fw ao (s n + X n TQ + X n T, Z\J\ n ), 



and more particularly 



Vn = Vn t b n ,r n (T, z) = (X n /X n ) P V n \ T n + --— T 

An 



An (&n - «n)e" 



An 



+ zy A n /A„ , 



where < X n < A n /3, r n G [i, I] and 6 ra G are chosen so that t> n satisfies: 



1 ~ f 1 

2 < A « / <^o(r) 



-i 



MA n (r - ri))Vt» n (ri, z)dri 



'"0 



dzdr 



< 



sup A n / (fo(r) / h(A n (T - Ti))Vu n , ao Tn (Ti,z)dTi 



a G 
ro G [|, |] 



(24) 



dzdr = 1. 



where so = Sn+A„ro+A„r no . This choice is possible since for all < A < 4^, 
we have 



sup A(A/A n ) 
a eR N V ' 
r G[i,§] 



2/3 



< 



x / / ^o(r) / T MA(r-ri))V 
Cll^ollooA (A/An) 



Wn,a TO + TlX/X n , Z\J A/ A 



cZri 



dzdr 



2/3+1- f -2 



x sup 
a G 



m_ " /i (Ar - A n (s' - r )) Vv nm {s' ,y)ds' 



dydr 



TO G [|, |] 



x sup 
a G 
r 6 



A/A N 

ro+l 
r -l .VB 




/i (A(s - s')) Vu n , ao (s',y)ds / 



dyds. 
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Now, we need the following estimate, that we prove also in Appendix B: 
Lemma 3.3 We have, for any r G [—1, 1] 



(a) 



*n J -I J2B 



v nr dzdr + 



-1 J2B 



I Vf n | 2 dzdr 



+ sup . „ n 

re[-l,l] J2B 



vldz + 



|w n P +1 (ZzdT -» 0, 



1-1 J2B 



(b) 



(c) 



An / / <Po(t) 



h((r - Ti)A n )Vu„(ri, z)dn 



(izcir < c, 



■y n (r, z)c2r 



"0- A„ 

Now, note that v n is a solution of 



dz < c. 



(v n )r + KPv n + X n yVu n - A„ / ^(A„(t - ri))Aw n dri 



(25) 



-/i(s n + A n r n + A n r - s )Afn 00 
Here, we denote h(s n + A n r n + A n T - s ) = K (t), s = s n + A n r n + 
A n r and v noo = \nWw(\J~k n z) . Then, we deduce ||«tiooIIh 1 (2B) — * since 

w m {\Jl n z) = (T'fu(0,x) and u(0,x) € fl^QR*). 

Choose now ip £ C°°(IR n ) such that tp > 0, = 1 on B whose support 
C 25. Multiplying equation ([25]) by 



-i 



tpo(Tl)dTlljj(z)v n 



(26) 



and integrating over [—1,1] X 25, we obtain the following equality: 

f [ [(v n ) T ®V n + KP^vl + X n ^-Vv n ^V n ]dzdT 
J-1J2B 1 

+K f [ [ h(X n (T -Ti))Vv n dTi[V<5>v n + <S>Vv n ]dzdT 

J-l J2B JT nn 



+ 



f [ h no Vv noo [V<^v n + $Vv n ]dzdT = [ [ \v n \ p+1 $dzdT, 

-1J2B J-1J2B 
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which is equivalent to 
A 




-1 J2B ■ 



III h(r - Ti)Vv n dri 

J-l J2B Jt„ 

= [ [ [{Vn)r^V n + \ n (3^ n + \ n ^Vv n ^V n }dzdT 
J — 1 J 

h{X n {r — Ti))Vv n dTi[VQv n ]dzdT 

■ I 2 
/ / MA„(1 - ri))W n dri 

1 J 2B Jr no 

1 r 2 

+A 2 (/3 + l) / / h(\ n (T - T^X^Vvndn §dzdT 

J-l Jr no 

[ [ h nQ Vv noQ [V®v n + <f>Vv n ]dzdT- [ [ \v n \ p+1 <S>dzdT. 

J-l J2B J-l J2B 



+ 



Observe that h(l) < h(r) and denote by h'(r, t±) := h({r — T\)X n ), we have 

2 



An 



2B 



h(X n (l - Ti))Vv n dn 



tp(z)dz 



3~ / > 

4 /_ 2 




3 A 



2« 



/i(A„(r - Ti))Vv n dTi 



n 




2 

3~ f3 

2 

+ „A„ 




^(A„(r - ri))Vf n dri 



h(X n (T - Tl))VvdT\ 



tp(z)dzdT 

> 

ip(z)dzdr 
tp(z)dzdr 




2B 



< -h + CX n 




n-0 
1 



h'(r, Ti)Vv n dT\ I h'(r,Ti)VvdTi 



tp(z)dzdT 



2B J-l 



\Vv\ 2 dndz 



+CA„/ 2 




U2B J-l 



{Vvfdndz 



where 



: — A n 




2B 



h(X n (T - Tl))Vv n dTl 



"() 



ij){z)dzdT 
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and 



A 



CXr 




2B J-l 



\Vv n \ 2 drdz 



+CI0 2 




<2B 



\Vv n \ 2 dT\dz 



Finally, using Cauchy-Schwartz inequality and Lemma 13.31 we obtain 



J-l J2 

+c\\n» 



(^) 2 ) + ||^||c 



\v n \ p+1 dzdr 



1 J2B 




[K)r] 



1 J2B 
1 



+ 




|Vu„| 



1 J 2B 




1 J 2B 



+An||V*|| 

+\ 2 n {P+i)\\n 




-1 J2B 
1 

oo 



~2 




-1 J2B 



h(X n (T - Ti))Vv n dTl 




-1 J2B 



h{\ n {r - Ti))Vv n d,Ti 




1 J 2B 



|Vu noo | 









1 




l -i 

2 


X 


Halloo 


r [ IV^nl 2 












J-l J2B 




J-l J2B 





0. 



Which is a contradiction. 

Case B: There exists a constant M such that 



A n SUp 




2B 



h({r - Ti)A n )|V?; n (Ti,z)|dTi 



dzdr < M 



As v n (r) 

V n (T,z) ■ 



J n,ao 



J n,ao 



[t) can be computed from any v nao by space translation: 

[r,z + 



'An 



L e 2 



, Lemma 13.21 implies that v n 



J n,a n 



remains bounded in H ([ 



1 /Tl 21 
3' 3J 



is compactly 



embedded into £f oc ([g, |] X 1 N ) (because p < 1 + < j^r^ , there exists a 
subsequence (also denoted u n ) such that v n — 1 V in -H/ ocu ([g, |] x M. N ) and 
^ - V m Lf oCi J[i, §] x R N ) hence - (FtV in Lj oc J[±, §] x 

M iV ),so in £>'([±, |] xl"). 
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Note that v n is the solution of 

(v n ) T + X n f3(v n ) + Xn^fVVn - X n £ h(X n (r - T^AVndTi 



-h(s n + \ n T n - s )Av noo = \v n \ p 1 v n 



(27) 



Since 



X n 




1 J B (0,^-)Jr no 
X 



< VA 



1 J B{0 ,^)Jr no 

2 

A, 



h(( T ~ n)X n )Av n (n,z)dTiv n dzdT 

h{ir- Ti)X n )Vv n (T 1 ,z)dTiVv n dzdT 




h((r - ri)A n )V'Un('ri, z)dr 1 



| Vv n \ 2 dzdT 



< VA„M 



\Vv n \ 2 dzdT 



< v X n M' -» 0, 



A passage to the limit (using Lemma [3.2p implies y = for all (t, x) £ 

[§,§] x R^. Therefore, V = 0. Let's prove that v n (0,z) -> in L 2 (£). 
Indeed, 



\vn(^ z )\\h(B) 



B 



6 




v n (0, z) 2 dz dr 

(v n (0, z) - v n (r, z)) 2 + v n (r, z) 2 ]dzdr 



< 3 sup / [w n (0,z) - v n (r,z)] dz 

z&B JB 



+6 



(v n (T,z)) P+l dzdT 



2 

P+l 



2p 

(1/3)FFT. 



Lemma |3~21 and the relation ([22]) implies that | < ||i> n (0, z)[|.z,2(.b) — * 0- But 
this is a contradiction, since | < ||v n (0, z)||z,2(b) (by ([23]) ). This ends the 
proof of Proposition 13.21 

Proof of Proposition 13.31 We proceed by contradiction. Suppose that 
there exists a sequence a n — > oo for all a G M^, such that 



a n + \ JB 




h(s — s)Vw a (s ,y)ds 



' s 



dycLs — > oo. 
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w 2 a (s,y)dy < M. 



From proposition 13.21 we have 

sup 

a£R N JB 
s > s 

Define for any ao £ R , 

Vn,a (T, z) \= \^W aQiT0 (s n + T + A„T, A£z). 

More particularly, v n := v n ,b n ,r n , then choose A n > 0, 6 n € in such a 
way that 



< A r 



JB 



h (( T ~ Ti)\ n )Vv n (Ti,z)dT 1 



dzdr 



< sup A„, 



a £ 

T o e [if] 



1 2i 







M( r - Tl)\ n )Vv nt a 0iT0 (Tl,z)dTi 



dzdr = 1, 



with s n + r + A„r no = s - 

This choice is possible for all < A < | because h((r — t\)X) = h'(r, T\) and 



sup A 2 ^ +1 
a G I N 







^ / (r,Ti)Vu; a0)TO (s n + To + Ari,A2z)dri 



TO G [ 



I 21 
3' 3J 



< CA 2 ^ 



B 



h({s - si))Vw ao (si, y)dsi 



+r + ATn 



dzdr 



dyds, 



where we have made, successively, the change of variables: s\ = s n + ro + Ari 
and then s = s n + tq + r. 

By the same calculation as in the proof of proposition 13.21 v n is also a 
solution of ([25]) that satisfies 



1 



< A r 



-1 J2B 



h(X n (j - Ti))S7v n dTi 



^-rdzdr — ► 0, 



which is a contradiction. □ 
Proof of Proposition 13.41 We proceed by contradiction. Suppose that 
there exists a sequence s n — » 00 such that, for all aGl™, 



w a (s,y)cis dy ^ co. 



B \Js 
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By propositions 13.21 and 13.31 the family w a satisfies 

ra+i 



sup / wl(s,y)dy+ sup / 

c-T®N JB „ r- TffTV J a 



a £ 
s > s 



a £ 
a > sq 



a JB 



h{s — s')Vw a (s' ,y)ds 



dyds < M. 



We can then define the family of functions 

and more particularly v n — Vn,a n > where \ n > and <x n £ are chosen in 
such a way that 



- < >i 

2 - n 



V n (T,z)d,T 



dz 



(28) 



< A„ sup 



V ntao (T,z)dT 



dz = 1. 



This choice is possible for < A << 1 because we have 

2 



A 2 ^+ 2 sup 

a m N Jb 



/ / Wn,a {Sn + At, V\z)dr 

J B y T „„=iQ^£n 



A 



< A 2 ^f 



sup 



1 2 



Wn t a (s,y)ds 



dy. 



and 2/3 - f > 0. 

Note that v n is the solution of 

(v n ) T + A„/?u n + \n^rVv n - \ n F h(X n (T - n^Avndn 



(29) 



-h nn Av. 



Here h no (r) := h(s n +X n T—So). Multiplying equation ([29]) by A^ v n dr\ :- 
X n ipo{T\)dT\ij) p {z) w n dTi and then integrating over [—1,1] x 2B, we 



obtain 
A 



n / (v n ) T $ / v n dTidzdr 
J -i Jib Jr nn 



\l(3 f 1 r d_ 

-l J2B dr 







2" 










/ v n dn 











dzdr 



-1 J2B 



dzdr + A, 



Vu n $ / v n dTidzdr 



1 J2B Jt, 



-1 J2B 2 

h(X n (T — Ti))Av n dTi& I v n dTidzdT 
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/ (h no Av noo $ / v n dTi)dzdr 



-1 J2B 




-1 J2B 



n \ p 1 v n $ / Vndndzdr, 



"0 



then 










"f-J 




r 




2B J 








2 








f *t 




Q 


2B 













I V n dT\ 


I2B 





(izdr + A r 




Vl>r,.<I> / V n dT\dzdT 



1 /-T 



A„ / / h(\ n (r - n))Vv n dTi 



1 Jr n 



+A„ 




1 J 2B 



-1 72B 2 

V<I> / u n dri + * / Vr, t dri 

ri 



"0 



dzdr 



dzdr 



A, 



^n| P / V n dT\dzdT. 



\J2B 



Using Cauchy-Schwartz inequality and Lemma 13.21 we get 

2 



4 - 2 



< ll$l 



2i>' 



v n dr 



dz 



-1 J2B \ Jr., 



v n dr\ dzdr 



"0 



+ < 




1 J2B \JT n , 



[ [ {v n ) 2 T dzdr\ +X n ( [ [ iVvndnfdzdr) 

J-l J2B J \J-1 J2B J 

I 

f [ |v« 

J-l J2B 



h(r — Ti)Vv n dTi 



+ A n /t no (-l) 



x < 



l|V*|| c 



1 J2B \ Jr., 



v n dT\ dzdr 



+w\< 



Vv n dT\ dzdr 



+X 2 n P/2 / / $ 



-1 J 2B 



-1 J2B \J Tn 

v 

v n dr\ dzdr 



"0 
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+ 




A„ / / \ipv n \ p & / v n d,TidzdT 



where 



1 J 2B 



2 a /•! 



» ! () 



/l+/ 2 +/ 3 , 




$t / v n dri dzdr 

1 .7273 \Jr no J 



2 I-1J2B 



V{<5> t v n )dTi 



dzdr 



< 



f f [ ^(r - n)V(* T u„)cfri 

J-l Jt„„ 



ctedr — > 0, 



using Poincare's Inequality and proposition 
h = K I I \i>v n \ p / v n dndzdT 



-1 J2B 
1 



< A r 



1 J IB 



1 J2B 



drdz 




1 J2B 



|V[V>Vn]| 2 dr(i2 



- p 






2 




/7 




drdz 




J-l J2S 







and 



ll*llc 




-1 J2_B \ Jt, 



v n dri dzdr 



/ / (t> n )^ cbffr ) +X n ([ I \Vv n dn\ 2 dzdT 

J -I J2B J \J-1 J2B 



+ < 



f I (I Kt - T X )Vv n dTx\ 

J-1J2B \Jr no J 



+ \„h no (-l) 



1 J2B 



X < 



l|V*[|c 



1 J2B \ Jt, 



v n dT\ dzdr 



1*1 



1 J2B \ Jt, 



— > (Using Lemma 13. 2\ Propositions 13,21 and I3.3[) 
which is a contradiction. This ends the proof of Proposition [32 
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4 Appendix A: Lower bound of | for N = 1 

In this section we will prove that k(T — t)~@ is an optimal bound for N = 1 
in the L°° norm for a blowing-up solution. For this, we recall Duhamel's 
formula in the one-dimensional case (see pQ) 

rx+t rt rx+t—s 

2u(t,x) = u (x+t)+u (x-t) + / ui(()d(+ / h(s,()d(ds (30) 

Jx—t JO Jx—t+s 

for the wave equation 

uu — Au = h 

u(x,0) = uq, ut(x,0) = U\. 



Proposition 4.1 Assume N = 1 and ut blows-up at time T < oo, then 
limsup(T - tf \\u t (t) || L oo > K = f3 p . 

t->T~ 

Proof. The proof will be done in two steps: 
First step: Define 

F(t) := f \\u s (s)\\ p Loa ds. 
Jo 

Then 

liminf(T — t)^F(t) > k. (31) 

t-*T~ 

Indeed, from (f30|) . we have 

1 d 1 

W>aO = -^(-uo(^ + i) + «o(^ - *)) + 2( n i( x + ~ n i( x ~ *)) 

1 /"* 

+- / [|u s | p 1 u s (s,x + t - s) - |u s | p 1 tt s (s,x - t + s)] (is. 

2 io 

Hence, Vi G [0,T), we have 

i /•« 
(F'(t))p = K(t)||ioo < \\(u ) x \\ L ~ + ||«i||loo + / \\u s {s)\\l x ds. (32) 

Then 



o 



(F'(t))- P <K + F(t)=F(t)[l + s(t)}, (33) 

with e(t) := K/F(t). This, from one side, implies that, for all t £ C 
[0,T) 

F'(r)F"(r)<=(l + £ W)'', (34) 
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since e is decreasing. Integrating over [t,s] with s £ (t,T), making 
s 1 T and using the fact that lim s |T F(s) = do, we get 

F(t)>K[(l+8(t))(T-t)f 

where s(t) — ► as t f T, which concludes the proof of (|3ip. 

Second step: In order to prove the proposition, we argue by contradic- 
tion, assuming that 

im*)iu<- <jr^ + ^ 

with < 5 < 1 and since /3p = /3 + 1, 

Fit) = [ K(r)||i-dr < + C' 

Then 

(T - t)^F(t) < pP(\ - 5) p + (T — tfC, 
which contradicts (|3ip . □ 



5 Appendix B: Proof of Lemmas 13.21 and 13.31 



Proof of Lemma 13.21 

i) We remark that, for r, r' G [0, 1], and ao € M N , we have, for < A n < jg 



|^n,a ( r ) ~~ v n,a (T')\\ 2 L 2(2B) 



< 



2B 



(v nao ((T,z)) a 



dadz 



< ( r - r ) / / [(^OoO 7 *))*] 
1 

[(v n ,a (cr, z))o-] 2 dadz 

2B JO 

/ [A^^^ + A^y^)] 2 ^ 



J2B 

2(/3+l)-(f+l) 
< A n SUp 



a £K" JSn 



9Wg 

ds 



(s,y) 



dyds 



< M A n ' 



2/3-f +1 



ii) 



|Vv ni a || i2 (2B)^T 



|V(v n ao (r, z))\ 2 drdz 



J2B 
1 



J2_B 



dzdr 
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J2B 



< K 



(2/3+l)-(f +1) 



An 2 Vro ao (s n + A n r, V X n z) 



sup 



< M A. 



2/3- f 



dzdr 
\Vw ao (s,y)\ 2 dyds 

□ 



By a similar calculations, one can find the other inequalities. 
Proof of Lemma 13.31 (a) This will be done in several steps. 
1. First, notice that A n — » since < A n < A n — > 0. 

Now, we prove that ^ — > 0. Assume that ^ 0, so there exists r/o > such 
that Vn S N, An- > r/ . We deduce from the construction of A n , X n < X n < |, 
that r/o < |. 

Now, Let Zl , .., z fc G 2B, a u .., oj G [±, §], 25 C ^ =1 B{z t , ^) and [±, §] C 
fa-f^ + f]. Then 




2B 



h(X n (T - Ti))Vv n dTl 



dzdr < J, 



'•J 



where 



'•J 



— mi 

J 3 



dzdr . 



Using the following change of variables: T2 = (ri — aj)X n /X n and z 



(V - Zi)J\ n /X n G 5(0, \\ C f , and since </? > 1 in [-§,§] and 
> in [— 1, 1], we obtain 



h,j < {Xn/Xn) 2 



T J + 3 



.._im /s 

J 3 2 



T-(Tno-O-i) 



h(X n f(T'))Vv nt a (-^T2 +<Jj,Z\ + Zi)dT 2 

A ■ 



A, 



dzdr' , 



with /(t') = t' — j Sl T2 — <Jj, Using the second change of variables 
T3 = A n /A n (r' - ctj) G A n /A n [-?7o/3,W3] C [-1/3, 1/3], 

we get 

/y < (A„/A n )f +2 -^ 




M<^( r 3 - T2)/A„)V?J„ >ao+v ^- cxp(( _ Sii _ AnCTj)2) (ri, Z + Ei)dT 2 



dzdrs , 
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where £j = —Zj(e a — l)y \ n /\ n . Since e AnT / 2 — 1 — > 0, we have sup[_ 1:L ] £j = 
0, for all r G [—1, 1]. Thus -B(£j, ^) C -B, for all i and this implies Iij is 
bounded from the relation (|24f) which contradicts the hypothesis of the case 
A. 
2. 




_ T 2(/9+i)-($+i) 



-1 J2B 



< MX n 



2/3-(f-l) 





dwbn(s,y) 


> s n +\ n TQ—\ n J2\/ r \^B 


ds 


* 0. 





dyds 



3. From (j23l) and Lemma (I3,2p (i). we deduce that 

sup / K jao (r, z)\ 2 dz < C, 



a G 



pn J2B 



re [-1,1] 
thus for all t G [— 1, 1], 

\v n (T,z)\ 2 dz = (X n /X n ) 213 -^ 



2B 



2\fX n B 



\vn,b n ( T n + -r-r,z)^dy 



< M{X n /X n ) 2 ?-f _>Q 



from (|28p and Lemma l3.2f iii). 
4. For all A n < A, we have 



|Vi> n | (izdr = A n 



1 J2B 

5. Similarly we find 
■i 



+A n To+A 71 



Sn+A n T() — A n J2\\ n B 



\V(w bn (s,y))\ 2 dyds 



< MX n 



2/3- 



0. 




-1 J2.B 



,(r, < M(A n /A n ) 2 ^ Ar / 2 - 0. 



(b) Let us fix p points Zi, ■ ■ ■ , z p G 2B C U? =l B(zi, \). For n large enough, 
and since we have B(zi, \) C B(e~%~ Zi, 1) for all r G [—1, 1], we have, (using 



A (i 




'-1 JB( Zl ±) 



^o(r) 



/i((r - ri)A n )Vt» n (ri,^)dri 



dzdr 



< a„ y ^o(t) 



fl(e^r«i,l) 



h{ir - T 1 )X n )Vv n (T 1 ,z)dr 1 



dzdr 



2S 



< A n / <p (r) 

J -i jb 

< A n / <p (r) 

J -l JB 



From this, we deduce that 
K I I <fo(r) 

J -l J2B 
P f l 
< Xn^2 



K(t - ri)Xn)Vv n (Ti,z + e 2 Zi)dr\ 



dzdr 



h((r - Ti)A n )Vv [~- Sn +A n r n (n, 2)dri 

n,6„+VA n e 2 Zi.Tn 



dzdr < 1. 



/i((t - ri)A n )Vu n (ri, ^)dri 



dzdr 



1 J-lJB(zi±) 



Voir) 



K( T - T 1 )X n )Vv n (Tl,z)dTl 



dzdr < p. 



(c) Using the same notations as in (b), we have 



IB 



v n (r, z)dr 



dz < 



< 



Inly ±1 It - s 0~ s " 

l<i<p { l '2> L n 0~ A„ 

A »£ /Jjf 



V n (T,z)dT 



v n (r,z + Zi)dr 



dz 



dz 



< 



*i E / f/° 

\<p<n JB V Tn 



v n (T,z)dr+ / v n (T,z)dr 



using the hypotesis (|28p and Lemma l3.2f iii). 



< C, 



□ 
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